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Abstract. Let X denote the full Toeplitz algebra on the Bergman space 
of the unit ball B„. For each subset G of L°°, let £3(G) denote the 
closed two-sided ideal of X generated by all TfT g — T g Tf with f,g 6 G. 
It is known that £3(C(B„)) = K, - the ideal of compact operators and 
£3(C(B n )) = X. Despite these "extremal cases", X does contain other 
non-trivial ideals. This paper gives a construction of a class of subsets 
G of L°° so that K, C O(G) C X. 



1. INTRODUCTION 

For any integer n > 1, let C n denote the Cartesian product of n copies 
of C. For z = (z\, . . . , z n ) and w = (w\, . . . , w n ) in C n , we write (z, w) = 
ziWi + • • • + z n w n and \z\ = \J\z\\ 2 + • • • + \z n \ 2 for the inner product and 
the associated Euclidean norm. Let B n denote the open unit ball which 
consists of all z £ C n with \z\ < 1. Let S n denote the unit sphere which 
consists of all z G C n with \z\ = 1. For any subset V of M n we write c\(V) to 
denote the closure of V as a subset of C n with respect to the usual Euclidean 
metric. We write B n for the closed unit ball which is also cl(B n ). Let C(B n ) 
(and C(B n )) denote the space of all functions that are continuous in the 
open unit ball (respectively, the closed unit ball.) 

Let v denote the Lebese ug measure on IB^ normalized, so that z^(IB n ) — 1. 
Let I? = L 2 (M n ,du) and L°° = L°°(M n ,du). The Bergman space l? a is the 
subspace of I? which consists of all analytic functions. The normalized 
reproducing kernels for l? a are of the form 

k z (w) = (1 - |z| 2 )(" +1 )/ 2 (l - (w, z))- n -\ \z\, \w\ < 1. 

We have ||fc z || = 1 and (g,k z ) = (1 - \z\ 2 ) (n+1 ^ 2 g(z) for all g G L 2 . 
The orthogonal projection from L 2 onto L 2 is given by 

{Pa){z) = I (i - (zM) n+1 dKw) ' 9 e L2 ' 2 e Bn ' 
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For any / G L°° the Toeplitz operator Tf : I? a 
Tfh = P(fh) for h G L\. We have 




is defined by 




dv(w) 



(1.1) 



for h & 1,% and zel„. 

For all / G ||T/|| < ||/||oo an d Tf = Ij. In contrast with Toeplitz 
operators on the Hardy space of the unit sphere, there are / G L°° so that 
11^711 < II /II oo- Also, since Tf is an integral operator by equation (jl.ip . we 
see that if / vanishes almost everywhere in the complement of a compact 
subset of B„ then Tf is compact. 

Let be the C*— algebra of all bounded linear operators on L\. Let 

K, denote the ideal of 25(L^) that consists of all compact operators. The full 
Toeplitz algebra X is the C*— subalgebra of 25(L„) generated by {Tf : f G 
L°°}. For any subset G of L°°, let 3(G) denote the closed two-sided ideal of T 
generated by all Tf with / G G. Let O(G) denote the closed two-sided ideal 
of T generated by all commutators [Tf,T g ] = TfT g — T g Tf with /, g G G. A 
result of Lewis Coburn [1] in the 70's showed that £3(G(B„)) = K.. Recently 
Daniel Suarez [5] showed that 0(L°°) = T for the one-dimensional case. 
This result has been generalized by the author [2] to all n > 1. In fact, we 
are able to show that 0(G) = T for certain subsets G of L°° . We can take 
G = {/ G C(B n )nL°° : / vanishes on B^E 1 } where v(E) can be as small as 
we please. We can also take G = {/ G L°° : / vanishes on M n \E} where E is 
a closed nowhere dense subset of B n with v{E) as small as we please. From 
these results, one may ask the question: does X contain any non-trivial ideal 
besides /C? The purpose of this paper is to show that T does contain other 
ideals despite the above "extremal cases". The main result of the paper is 
the following theorem. 

Theorem 1.1 (Main Theorem). To every closed subset F o/S ra corresponds 
a subset Gf of L°° so that the fallowings hold true: 



(ii) If F\,F2 are closed subsets of§ n and F\ C F2 then Gf 1 cGp 2 . 
(hi) If Fi,F2 are closed subsets of S n and i^Fi 7^ then <£3{Gf 2 H 



C(M n ))\3(G Fl ) ± 0. In particular, if$^F C § n then K, C 0(G F n 
C(B n )) C 3(G F ) C T. 



In the rest of the paper we will provide some preliminaries and basic 
results in Section [2] and Section El In Section [U we give the proof for our 
Main Theorem. 



For any z G B n , let (p z denote the Mobius automorphism of B n that 
interchanges and z. For any z,w G B n , let p(z,w) = \(f z (w)\. Then p 
is a metric on IB n (called the pseudo-hyperbolic metric) which is invariant 



(i) J(G ) = K and 0(G Sn n G(B n )) = 1. 



2. PRELIMINARIES 
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under the action of the group of automorphisms Aut(B n ) of B n . For any 
w G M n , p(z, w) — > 1 as \z\ — > 1. These properties and the following inequality 
can be proved by using the identities in [U Theorem 2.2.2]. 
For any z,w,u G B n , we have 

/ \ ^ P<>,n) + 

P\Z,W) < ; r-^ r-. (2.1) 

Hy 1 ~ 1 + p(z,u)p(u,w) v 7 

For any a in B n and any < r < 1, define 

B(a,r) = {z e B„ : |z - o| < r}, 

and 

E(a,r) = {z G B n : /)(z,a) < r}. 

Inequality (|2.ip shows that if z, w G B n so that E{z,r\) n E(w,r2) 7^ 
for some < n , r 2 < 1 then 

. p(z, u) + p(u, w) . . 

p(z,w) < 7 r— r (here u is any element m E(z,ri) fl E(w,r2)) 

1 + p{z,u)p{u,w) 

^ ri + r 2 



1 + nr 2 



This implies that if p(z, w) > then E(z, r\) Pi £7(u; , r 2 ) = 0. 

1 + rir 2 

Lemma 2.1. For any < r < 1 and £ G S ra i/iere is an increasing sequence 
{*m}m=i c (°> X ) so — * 1 as to — > co a?id E(t k (,r) D E(ti(,r) = 
/or all k ^ I. 

Proof. We will construct the sequence {t m }^ =1 by induction. We begin by 

taking any t% in (0, 1). Suppose we have chosen t\ < ■ ■ ■ < t m so that 1 < 

J 

tj < 1 for all 1 < j < m and E(t k (, r) n E(ti(, r) = for all 1 < k < I < m, 
where m > 1. Since p(tC,tj) — > 1 as t | 1 for all 1 < j < m, we can choose 

1 2r 

i m+ i G (0, 1) with max{i m , 1 — } < t m+x so that p(t m+1 (,tj) > — — ? 

m + 1 1 + r z 

for all 1 < j < m. It then follows that E(t m+ i(,r) n E(tj(,r) = for all 

1 < j < m. Also, since 1 < t m < 1 for all m, t m — > 1 as m —* 00. □ 

to 

Lemma 2.2. For any < r < 1 and any e > 0, f/iere is a 5 depending on 
r and e so that for all £ G S n and a// a G B n wzi/i |a — C| < ^ 

F(a,r) C G B n : |z-C| < e}. 

j4s a consequence, ifb G B„,and£ G B n so that E(b,r)f]{z G B n : — C| < 
5} ^0 f/ien |6-C| < e. 

Proof. From [4, Section 2.2.7], for any a 7^ 0, 

\Pz-c\ 2 \Oz\ 2 
E(a,r) = {z G B n : 1 ^ C| + M. < 1}, 
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where rz = r-a, Qz = z — Fz, c = 9 9 a and s - 



{a, a) " 1 — r 2 1 a| 2 1 — r 2 |a| 2 

It then follows that E(a,r) C B(c,r^/s). 

Since |a — c| = r 2 s|a| < r^fs, we get B(c,r^) C B(a, 2ry / s). Hence 
E(a,r) C B(a,2r^). Note that the inclusion certainly holds for a = (in 
this case s = 1). 

Now suppose |o — C\ < 5. Then \a\ > \(\ — \a — (\ > 1 — 5. Hence, 
1 - \a\ 2 < 1 - |a| 2 < 2(1 - |oj) 25 



So for any z E i£(a, r), 



2$ 

C| < |z - a\ + \a - C| < 2rjs~ + 5 < 2r A /y— ^ + 6. 



26 

Choosing 5 so that 2r\ / 9 + 5 < e, we then have the first conclusion 

V 1-r 

of the lemma. 

Now suppose a,b £ M n so that \a — C| < £ and a £ E(b,r). Then since 
b £ E(a,r), the first conclusion of the lemma implies \b — C| < e. D 

For any z £ B n , the formula 

U z (f) = (f o <p z )k z , f£L 2 

defines a bounded operator on L 2 . It is well-known that U z is a unitary 
operator with L 2 as an invariant subspace and U z TfU* = Tf oipz for all 
z £ B n and all / £ L°° . See, for example, [31 Lemmas 7 and 8]. 

Lemma 2.3. For any sequence {z m }^ =1 C B n with \z m \ — > 1, f7 2m — > in 
the weak operator topology o/25(L 2 ). 

Proof. Since span({&^ : z £ B ra }) is dense in L 2 , it suffices to show that 
lim {U Zm k z , k w ) = for all z, w in M n . 

Fix such z,w £ B n . For each m > 1, 

(u Zm k z ,k w ) = (i - M 2 ) (n+1)/2 (^ m fc 2 )M 

= (i-|H 2 ) {n+1)/2 ^(^ m H)^ m H 
_ ((i-H 2 )(i-H 2 )(i-|^| 2 )) (w+1)/2 

((! - (^H^})(1 - (u>,z m )) n+1 
Since | (y 2m (w) , z) \ < \z\ and \(w,z m )\ < \w\, we obtain 

((i-H 2 )(i-N')(i-M 2 ))'" +1)/2 
K ^' UI - (d- W )(i-H))" +1 

It then follows that lim {U Zm k z , k w ) = 0. □ 
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Lemma 2.4. Let {z m }^ =1 C B n so that \z m \ — ► 1 as m — > oo. Lei S 1 6e any 

oo 

non-zero positive operator on L? a . Suppose A = Yl U Zm SU* m exists in the 

m=l 

strong operator topology and is a bounded operator on L\. Then there is a 
constant c > and an f G l? a so that \AU Zni f\ > c > for all m. 

Proof. Since S is non-zero and positive, there is an / G with ||/|| = 1 so 
that {Sf, f) > 0. For each m > 1, 

(AU Zm f,U Zm f) > (U Zm SU: m U Zm f,U Zm f) 

= (su; m u Zm f,u; m u Zm f) 

= (Sf,f). 

Since ||C4 m /|| = 1, it follows that \\AUz m f\\ > (Sf,f) > for all m > 
1. □ 

3. BASIC RESULTS 

The first result in this section shows that for a certain class of subsets G 
of L°°, 3(G) possesses a special property. This property will later help us 
distinguish 3(G±) and 3(G 2 ) when G± ^ G 2 - 

Proposition 3.1. Let W be a subset o/B n and let F = cl(VK)n§ n . Let f be 
in L°° so that f vanishes almost everywhere in M n \W. Let gi, ... ,gi be any 
functions in Let {z m }^ =1 be any sequence in B n so that \z m \ — > 1 and 
\z m — w\ > e > for all w £ F, all m > 1, where e is a fixed constant. Then 
the sequence {TjT gi • • • T gi U Zm }^ =1 converges to in the strong operator 
topology o/55(L^). Consequently, if we set 

G = {/ G L°° : / vanishes almost everywhere in M\W} 

then for any T G 3(G), TU Zm — » in i/ie strong operator topology of*B(L^). 

Proof. Let Vi = {|z| < 1 : |z — u;| < e/3 for some to G F} and V2 = {|-z| < 
1 : \z — w\ < e/2 for some iu G F}. Let 77 be a continuous function on B n 
so that < 77 < 1, n(z) = 1 if z G cl(Vi) and r/(^) = if z V 2 . Let 
Z = c\(W) n (B n \Vi). Then 2cB B and Z is compact with respect to the 
Euclidean metric. We have 

z n s n = ci(VF) n§ n n (B„\Vi) = f n (B n \Vi) = 0. 

Thus Z is a compact subset of B n . Since the function /(l — rf) vanishes 
almost everywhere in (M n \W) U cl(Vi) which contains M n \Z, the operator 
TfH^ is compact. 

Since T g Ti~ v — T g ( 1 _ 7? ) and Ti- v T g — T g n_^ are compact for all 5 G L°° 
(see pQ), we have 

rri rri rri rri rri rri rri • rrt rjn rri rj~\ 

1 f 1 9i " ' 1 9l ~ 1 f 1 9l ' ' ' 1 9l 1 V "r 1 f 1 9l ' ' ' 1 9l 1 ^-V 

= T f T 9i ■ ■ ■ T 9l T V + T /(l-r?) T 9i ■■■T gi +K 1 (3.1) 

= T f T gi ---T gi T v + K, 
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where K\ is a compact operator and K = Tf^ 1 f j T gi ■ • • T gi + K\ is also a 
compact operator. 

For any h G L\ n L°° and any m > 1 we have 

H^f/^f < \\vU Zm h\\ 2 



< j \{U Zm h){z)\* du(z) 

\Kvz m {z))k Zm {z)\ 2 Mz) 

< Ml [ \k Zm (z)\ 2 du(z). 



»2 

Let V3 = {\z\ < 1 : \z — w\ < e for some w G F}. Since the map (z,w) 1— ► 
|1 — (z, w)\ is continuous and does not vanish on the compact set cl(V2) x 
(B n \V3), there is a 5 > so that |1 — (z,w)\ > 5 for all z G cl(V2) and 
w G (M n \V 3 ). 

For each m > 1, z m G (B n \Vs), so for all z G V2, 

Hence we have 

, n _ \ z |2\(n+l)/2 

\\T v U Zm h\\ < llfclUv^)^ 4^ • 

This implies HT^L^/iH — > as m — > 00. Since D L°° is dense in 
and ||?^f7 2m || < 1 1 1 1 < 1 for all m, we conclude that T v U Zm — > in the 
strong operator topology of B(L 2 ). So TfT gi • • • T 9i T r? [/ Zm — > in the strong 
operator topology of QS(L^). Also by Lemma 12.31 U Zm — > in the weak 
operator topology, so KU Zm — > in the strong operator topology for any 
compact operator K. Combining these facts with (|3.1|) . we conclude that 
TfT gi • • • T gi U Zm — > in the strong operator topology of QS(L^). □ 

The following proposition was proved by Suarez for the case n = 1 (see 
Proposition 2.9]). The case n > 2 is similar and can be proved with the 
same method. The point is that for n > 2, the metric p and the reproducing 
kernel functions have all the properties needed for Suarez's proof. See [21 
Section 2] for more details. 

Proposition 3.2. Let < r < 1 and {w m }^ =1 be a sequence in M n so that 
E(wk, r)nE(wi,r) = for all k ^ I. For each m G N, let c^, . . . , c m , a m , b m , 
d^, . . . G L°° be functions of norm < 1 that vanish almost everywhere 
on M n \E(w m ,r). Then 

^ • • • T c l m (Ta m T bm - T bm T am )T d i m ■ ■ • 

meN 
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belongs to 0(L°°). 

Remark 3.3. In the proof of Proposition \3.S\ we work only with Toeplitz 
operators with symbols in the set G which consists of functions of the form 
Yl fm, where F is a subset o/N and f is one of the symbols c 1 , . . . , c 1 , a,b, 

d 1 , . . . ,d k . So in the conclusion of the proposition, we may replace 
by O(G). 

4. PROOF OF THE MAIN THEOREM 
Now we are ready for the proof of our main result. 

Fix < r < 1. Let W$ = E(0,r). For any closed non-empty subset F of 
§„,, let 

w F = u u^' r )- 

0<t<lCGF 

It is clear that W§„ = E n . We always have F C c\{W F ) n S n . We will 
show that in fact F = cl(Wir) n S n . Suppose ( G cl(W F ) H S n . For any 

m > 1, applying Lemma 12.21 with e = — , we get a 8 m > so that if 

m 

b G B n and E(b,r) fl V m ^ 0, where V m = {z G M n : \z - (\ < 5 m }, then 

16 - CI < — • Since W F DV m ^ 0, there is t m G (0, 10) and Cm G F so that 
m ^ 

E{t m C, m , r)DV m ^ 0. Hence \t m ( m -(\ < —. So \t m C, m - CI as m -> oo. 

m 

Since t m = |i m Cm| -> |CI = 1 as m -> oo, we get Cm = ^(^mCm) C in the 
Euclidean metric as m — > oo. This implies that C G F. Thus, c\(W F )n§ n C F. 
Now define 

Gf = {/ G L°° : / vanishes almost everywhere in B„\W r f}. 

It is clear that if F\ C F2 then W Fl C VFf 2 i hence G^ x C G F2 . 

Since Tj is compact for all / G Gg, 3(Gq) = /C. Since G§ n = L°°, we have 
0(G S „ n G(B„)) = 0(L°° n B n )) = 1. 

Now suppose Fx and i*2 are closed subsets of S n so that i^i 7 ! / 0. Let 
C G F2 so that Q $l F\. From Lemma I2TT1 there is a sequence {t m }^ =1 C (0, 1) 
with t m I 1 and E{t}.(,,r) n E(ti£,r) = for all k ^ I. Let z m = i m C for 
all m > 1. Since |z m — C| — ► and Q ^ F\ which is a closed subset of S n , 
there is an e > so that \z m — w\ > e for all w G Fx, all m > 1. Since 
cl(W Fl ) n S n = Fx, Proposition 13.11 shows that TU Zm — > in the strong 
operator topology for all T G ^(G^). 

Take / to be any continuous function supported in E(0, r) such that 
[Tf,Tj] 7^ 0. Any function of the form f(z) = Zxrj(\z\/r) where n is non- 
negative, continuous and supported in [0,1] with ||ry||oo > will work. Let 
S = [Tf,Tj] 2 then S is a non-zero, positive operator on L\. Define 

00 

T=Y J U Zm SU* Zm . 

m=l 
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By Lemma l2m there is a constant c > and an h G L 2 a so that ||TC/ Zm /i|| > 
c for all m. This implies that T ^ 3(6?^). 
For each m, 

E^py.ry]^ = u Zm T f T 7 u: m - U Zm T ? T f U* Zm 



So E^SE£„ = Ff^Tj ]*. Hence T = £ p/o^.Ty, 



m=l 



Since each /o yj Zm is supported in {w G B„ : |</?z m (V)| < r} = E(z m ,r) 
and E(zk,r) n E(zi,r) = for all k ^ I, Proposition 13.21 and Remark 13,31 
show that T G <0((?f 2 n C(B„)). So T G 0(G F2 )\?(G Fl ). 
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